Abstract: A two-dimensional finite-difference complex wavevector band structure solver for nanophotonics applications is presented, and rigorous computation of modal properties within bandgaps of periodic devices, including mirror strength, is shown.
Introduction
Numerical simulation of electromagnetic fields is an important tool for the analysis and design of nanophotonic devices. Many important devices, including grating couplers [1] , photonic crystal microcavities [2] , and waveguide crossing arrays [3] , are periodic and suited to band structure analysis. Traditionally, such periodic devices have been analyzed using solvers that have inputs of geometry of a unit cell of the structure and real wavevector, k, and outputs of eigenmode field distribution and resonance frequency. Since these solvers may admit radiation and produce complex frequencies, ω = ℜ(ω) + jℑ(ω), these complex frequency methods miss band gap modes and real frequency leaky modes. As a result, design methods have turned to semianalytic approximations, such as photonic crystal microcavity synthesis techniques that rely on approximations of mirror strength in the band gap [2] . For these reasons, it may be desirable to have eigenmode solutions at a given real driving frequency to enable the efficient synthesis of fixed or tapered band-structure devices [1] [2] [3] tailored to a single, real target wavelength. It is therefore of interest to develop a numerical solver where eigenstates with complex wavevectors k = ℜ(k) + jℑ(k) are computed as a function of given real frequency ω. Although recently interest has returned to these complex k band structure solvers [4] , a finite-difference approach, valuable in photonics due to its simplicity, robustness [5] , and grid regularity, has not been explored.
In this paper, we propose a numerical finite-difference frequency-domain complex wavevector Bloch solver approach to compute the band structures of one-and two-dimensional periodic photonic devices. We begin by discussing the theory and implementation of the solver, and follow with validation of the method against an analytical solution. We then employ the new solver to analyze the band structure and dielectric mode profile of a linear photonic crystal device.
Formulation of the Finite-Difference Complex Wavevector Band Structure Problem
In this section, we present the two-dimensional finite-difference frequency-domain method for computing the electric field of a periodic structure using Bloch theorem. Based on Maxwell's equations, we derive the wave equation for the transverse electric field, Ψ(x, y), of a two-dimensional periodic structure
where k 0 is the free-space wavenumber and n(x, y) is the refractive index distribution of the structure. We assume that the index is periodic in coordinate x with periodicity a, n(x, y) = n(x + a, y), to invoke Bloch theorem which states that the field within a periodic medium can be represented as the product of a function periodic in x with the same periodicity as n, Φ(x, y) = Φ(x + a, y), and an exponential factor
where k is the wavevector of the Bloch-Floquet wave in the x direction. Inserting Eq. (2) into Eq. (1), we obtain the equivalent wave equation for Φ(x, y)
which can be solved on a single unit cell of the structure. We then discretize this equation on the interleaved grid [5] [∂ x∂x +∂ y∂y + j2k
Note that Eq. (4) has the form of a quadratic eigenvalue problem with eigenvalue k which we recast into an equivalent linear eigenvalue problem, for computational efficiency, using the following linearization matrix developed in [4] A B 0 I
where I is the identity matrix and A, B, and C are matrix operators derived from Eq. (4). We code the resulting eigenvalue problem into MATLAB with a real frequency input and complex wavevector eigenvalue output, periodic boundary conditions in x, and either perfect electric conductor or perfect magnetic conductor boundaries in y.
Numerical Results and Discussion

Validation Against Analytical and Numerical Results
To demonstrate the accuracy and validity of the theory and implementation presented in the previous section, we compare the numerical results obtained using the new solver to analytical solutions derived in literature [6] . We solve for the band structure of a two-material quarter-wave stack medium using both one-and two-dimensional versions of the finite-difference complex wavevector solver. A schematic of the medium, the resulting band structures, and comparison of numerical and analytical results are shown in Fig. 1 . As can be observed from Fig. 1b , varying the input frequency (proportional to normalized wavenumber k 0 a) results in a variation of normalized wavevector, ka, in both the real and complex domains. Whenever ℜ(k) reaches a value of π/a, the wavevector protrudes into the complex domain and bandgaps are formed. These bandgaps represent the groups of frequencies that are not supported for propagation in the structure. Additionally, from Fig. 1c , we observe an excellent agreement of numerical results obtained by both the one-and two-dimensional solvers with the analytical solution. Analytically, the structure's bandgap size is computed to be [6] (∆k 0 a) analytical = 8a
where λ 0 is the bandgap center free-space wavelength, whereas both the one-and two-dimensional solvers obtain (∆k 0 a) num = 0.635. Noting that the slight difference in values is due to the approximative nature of numerical discretization of both the solution space and the k 0 a axis, the simulation results prove to be very accurate, therefore verifying and validating the derived theory and numerical implementation presented in this paper. Fig. 1 : (a) Periodic layered medium consisting of alternating layers of two materials with refractive indices n 1 and n 2 and thicknesses x 1 and x 2 , respectively, (b) photonic band structure of the medium obtained using the one-dimensional numerical solver and analytically [6] , and (c) comparison of one-and two-dimensional numerical solutions with the analytical solution for the medium's band structure. ℜ(k) is shown in blue and ℑ(k) in black. The periodic medium is a quarter-wave stack with n 1 = 1.45, n 2 = 2.65, λ 0 = 1.5 µm, x 1 = λ 0 /(4n 1 ), and x 2 = λ 0 /(4n 2 ), with λ 0 being the free-space wavelength. (1) first-order dielectric mode, (2) second-order dielectric mode, and (3) bandgap mode for the photonic crystal calculated using the two-dimensional numerical solver, and (c) simulated complex k band structure with ℜ(k) and ℑ(k) highlighted separately. The simulated silicon photonic crystal is situated in silica and has square silica holes (n 1 = 1.45, n 2 = 3.5, a = 330 nm, b = 700 nm, and c = 200 nm). Note that the points analyzed in (b) are marked on the band structure (c) in red.
Simulation of the Mode Structure of a Linear Photonic Crystal
Using the new numerical solver, we next simulate the band structure and multiple transverse electric field profiles for a periodic photonic crystal waveguide structure as shown in Fig. 2 . Fig. 2a illustrates a unit cell of the photonic crystal. We obtain the band structure of the photonic crystal (Fig. 2c) by providing as input to the solver a set of k 0 a normalized wavenumbers and receiving at output the corresponding complex ka values and fields. Note that there are multiple ka values for every k 0 a point since the structure can support higher order propagation modes.
Furthermore, we analyze the crystal's mode profile at three points on the band structure showing both the unit cell field, Φ, and the full periodic structure field, Ψ = e jkx Φ, as shown in Fig. 2b . For point (1), the field computed by the two-dimensional numerical solver is shown to be concentrated in the higher index (silicon) region of the structure, which is consistent with the position of the point on the band structure's first-order dielectric band. In contrast, for point (2), the second-order dielectric mode, the computed field, while still being concentrated in the higher index region, correctly exhibits a second-order characteristic of a null in the middle of the structure. Finally, at point (3), located in the photonic crystal's bandgap, the field Ψ undergoes an expected exponential decay due to the imaginary component of k. Note that the fictitious traveling wave that appears in (3) is due to numerical discretization error in the computation of ℜ(k). As shown, the present solver has the capability to produce rigorous mirror strength design curves necessary to synthesize high quality factor photonic crystal microcavities, without the need for a circular bandgap approximation [2] . The next steps in this work will implement perfectly matched layer (PML) boundary conditions to support leaky structures, enabling grating coupler design, and extend the current solver to three dimensions.
Conclusions
The proposed finite-difference frequency-domain complex wavevector solver has the capability to compute the complex k band structure of periodic photonic devices and is expected to enable powerful techniques for the rigorous synthesis of advanced periodic and quasi-periodic photonic devices including photonic crystals, grating couplers, and waveguide crossing arrays. This work was supported by the University of Colorado Discovery Learning Apprenticeship undergraduate research program and National Science Foundation award number ECCS-1128709.
